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Abstract

In this paper, we investigate the maximally parallel attribute of P Systems. Some properties of P Systems are introduced, which are the
filter property and the enumeration property. The two properties are applied to solving the sorting problem and the Hamilton cycle prob-
lem, respectively.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in
China Press. All rights reserved.
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1. Introduction

Membrane computing is a bio-inspired branch of natu-
ral computing introduced by Pa�un [1], abstracting comput-
ing models from the structure and functioning of living
cells and from the organization of tissues or other higher
order structure. The concrete computing devices of this
model are called P Systems. The basic ingredient of the P
Systems is the hierarchical membrane structure, in which
lots of membranes are embedded hierarchically (Fig. 1).
Each membrane forms a compartment, where multisets
and evolution rules are placed. The multisets evolved step
by step following the corresponding evolution rules in the
same compartment. The evolution implementation stops
until no rules can be used and we call that time point P Sys-
tems’ halting. As a consequence, those evolution sequences
are considered to be the computation of P Systems, while
the multisets presented in the output membrane are consid-
ered to be the result of computation.

In this paper, we mainly investigate the maximally par-
allel attribute of the P Systems. Generally speaking, this
attribute has two-folded meanings – rules maximally paral-

lel and compartments maximally parallel. The rules maxi-
mally parallel refers to that any applicable rules must be
used to the corresponding multisets during one-step imple-
mentation of P Systems; while the compartments maxi-
mally parallel refers to that the compartments are not
mutually influenced by each other during the evolution of
the P Systems – namely, they all evolved independently.
In this study, we will show two properties of this attribute,
and use these two properties to solve two corresponding
problems, respectively.

2. Some general prerequisites

2.1. Rewriting P System [1,2]

A rewriting P System of degree n, n P 1, is a construct

P ¼ ðV ;M ;W 1; . . . ;W n; ðR1; P 1Þ; . . . ; ðRn; P nÞ; i0Þ

where V is an alphabet whose elements are called objects; M

is a membrane structure of degree n, with the membranes and
the regions labelled in a one-to-one manner with elements in
a given set A; W i, 1 6 i 6 n are finite languages over V �, rep-
resenting multisets over V associated with the regions
1; 2; . . . ; n of M; Ri, 1 6 i 6 n, are finite sets of context-free
evolution rules of the form X ! vðtarÞ, with X 2 V, v 2 V �,
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tar 2 fhear; outg [ finjj1 6 j 6 ng, over V associated with
the regions 1; 2; . . . ; n of M; P i is a partial order relation over
Ri, 1 6 i 6 n, specifying a priority relation among rules of Ri.
The length of u is called the radius of the rule u! v. i0 is a
number between 1 and n, which specifies the output mem-
brane of P. In this study, we will use rewriting P Systems
to solve some hard problems and analyze its attribute.

2.2. Sorting problem

Sorting problem is a very common computing problem.
We present it here for the purpose of emphasizing its time
complexity. The input of sorting problem is a linear list in
the form of hA1;A2; . . . ;Ani, while the output of it is an
ordered list also in the form of hB1;B2; . . . ;Bni after some
transform steps implemented on the input. There existed
a large number of sort algorithms for this problem such
as quick-sort and bubble-sort. However, these algorithms
are all based on comparison, which also had a lower-bound
time complexity Oðn log nÞ.

2.3. Hamiltonian cycle problem [3]

This problem can be described as follows: given a graph
G, decide if there is a Hamiltonian cycle. (A Hamiltonian
cycle is a cycle which visits every vertex exactly once and
returns to the start point.) This problem is an NP-Com-
plete problem. It is in NP, and it is polynomial reducible
from the SAT problem (which is proved as the first NP-
Hard problem).

2.4. Time complexity in P Systems

As to the turing machine theory, the running time [4] is
defined as follows:

Let f : f0; 1g� ! f0; 1g� and let T : N ! N be some
functions. We say that a TM M computes function f if
for every x 2 f0; 1g�, if M is initialized to the start configu-
ration on input x, then it halts with f ðxÞ written on its out-
put tape. We say M computes f in T ðnÞ-time if for all n and

all inputs x of size n, the running time of M on that input is
at most T ðnÞ.

As we can see, common time complexity lies on the steps
implemented by the turing machine. In this study, we give a
presumption that time complexity in P Systems is based on
the maximally parallel steps implemented by the mem-
branes in the P Systems. We give this presumption for
the reason that one maximally parallel implementation step
is inseparable and the running time of each step is always
the same [5].

3. Filter property

We summarize a filter property from this maximally par-
allel attribute of P Systems. This property can be explained
as that data could be filtered by using a maximally parallel
attribute to accomplish some corresponding work.

Property 1 (Filter property). The maximally parallel imple-

mentation in the P System can be regarded as a filter, used to
filter computing data automatically and in parallel.

The meaning of this property is that a bind of data go
through the filter, filtering different kinds of data at a time.
This process is in parallel and it is the same as our daily fil-
tering staff. We will use this property to solve the sorting
problem quickly [6], with a best condition of time complex-
ity OðnÞ (Fig. 2).

This P System begins with the initial multisets in Am1
1 Am2

2

Am3
3 . . . Amn

n , which is the input of this P System, while the
upper numbers m1;m2; . . . ;mn (mi 6¼ mj, 1 6 i 6¼ j 6 n) rep-
resents the sorting list. In the first step, the rule A1A2A3 . . .
An ! ðB1; outÞ fired, mi number of A1A2A3 . . . An will be
exhausted while mi is the smallest number in the sorting list
hm1;m2; . . . ;mni. At this time, the number of A1A2A3 . . . An

will be decreased to ðm1 � miÞ; ðm2 � miÞ; . . . ; ðmn � miÞ, the
number of Ai will decrease to 0. Then, we analyze the rule
D1A2A3 . . . An ! ðB2; outÞ, its usage is the same as
A1A2A3 . . . An ! ðB1; outÞ, that is, to make the object Aj which
has the smallest number disappears in one-step maximal
implementation. Apparently, after n� 1 steps of these kinds

Fig. 2. P System that solves sorting problem.

1

Fig. 1. P System structure.
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of implementation, all the left n� 1 numbers will be filtered
out, and the sorting list will be sorted.

The rules ðA1 ! A2;A2 ! A3; . . . ;An ! A1Þ, which we
also called cycle rules, are used to transform the multisets
with the form A1A2 . . . Ai�1Aiþ1 . . . An into the form A2A3 . . .
An, so that the rule in the form of D1A2A3 . . . An ! ðB2; outÞ
could be satisfied. These rules in membrane 1 are not difficult
to understand since they are used to transit the smallest num-
ber sent out from membrane 2 into membrane 3 step by step.
After n steps’ implementation, membrane 3 will get the com-
puting result in the form of Dh1

1 Dh2
2 Dh3

3 . . . Dhn
n . The n-tuple

hh1; h2; . . . ; hni represents the sorted list.

3.1. Efficiency analysis and some improvement

In the above section, we have made a presumption that
the performance of the P System lies mainly on the maxi-
mally parallel implementation steps it had processed in
one computation. Therefore, we analyze this P System’s
performance by counting the maximally parallel implemen-
tation steps.

When the best input condition – that is, list with ascend-
ing sort – is presented, we can see that membrane 2 only
needs to run n steps of maximally parallel implementation
because the cycle rules never fire in the running process;
besides, membrane 1 also run n steps of maximally parallel
implementations. Therefore, totally 2n steps of maximally
parallel implementations have been fired, and thereby the
time complexity is XðnÞ exactly.

When the worst input condition – that is, list with
descending sort – is presented, the cycle rules should be used.
In membrane 2, besides the n steps filter maximally parallel
implementation, i� 1 number of extra steps should be added
in the ith filter step, that is, 1þ 2þ 3þ � � � þ ðn� 1Þ ¼
ðn� 1Þðn� 2Þ=2 extra steps. Apparently, the time complex-
ity is Oðn2Þ exactly.

As we know, the lower-bounded time complexity of sort
algorithms based on comparison is Oðn log nÞ. Thus, we are
interested in whether the average running steps of this P
System could be decreased lower than n log n. In fact, this
task is not very hard to accomplish. As long as we use 2n

number of match evolution rules to replace the n cycle
rules, let any i-steps cycle be one-step corresponding match,
then any sorting list can be sorted in 2n steps. However,
this method will sacrifice lots of space and seems to be
not practical.

3.2. Usage of this property

Although this property can serve to solve the sorting
problem quickly as mentioned above, there seems to be
another important aspect which we have not covered. In
fact, what we care mainly is how to use this property or
what kinds of problems could be satisfied with this prop-
erty. We make an informal conclusion from several exper-
iments that any problem related to comparison could be
solved quickly by using this property. This conclusion is

some what not too hard to be proved, since any data com-
parison can be easily transformed to the corresponding
parallel data filtering.

4. Enumeration property

This property shows mainly that the maximally parallel
attribute can be assimilated to the role of an enumerator
[7]. As we know, many problems such as problems in
NP-complete are generally considered to be not being
capable of giving a deterministic algorithm. Generally, we
make a total search to solve problems in NP-complete,
which spend exponential time. These solutions usually
implement search operations step by step.

We introduce this property as follows, aiming to show
how the maximally parallel attribute serve to improve the
complete-search efficiency. In addition, we will present a
solution to the Hamiltonian cycle problem using this
property.

Property 2 (Enumeration property). The maximally paral-

lel implementation in the P System can be regarded as an

enumerator, providing efficient enumeration operators in

solving search problems.

The enumeration property of the P System is like a search
tree, where one floor represents a parallel search step. Thus,
the search efficiency would be increased in exponential speed.
Fig. 3 shows how to use this property to solve the Hamilto-
nian cycle problem which is in NP as follows.

First, we make a presumption that the Hamilton cycle
begins from vertex 1. Then we model the computation with
nþ 1 sub-membranes placed in the skin. The membranes 1
to n correspond to the n vertices in the given graph. They
represent the enumerations of the corresponding vertices.
The membrane nþ 1 is the output membrane of the sys-
tem. For example, if ð1; 2Þ; ð1; 3Þ; ð1; 4Þ belong to the set
EðGÞ, then membrane 1 will have enumeration operations
and generate objects D2, D3 and D4. These three objects will
be sent out of membrane 1 and reach the skin. At last, they
will be separately sent to the corresponding membranes

Fig. 3. P System that solves sorting problem.
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(D2 ! 2, D3 ! 3, D4 ! 4). While D2;D3;D4 arrive at the
corresponding membranes, these membranes implement
the same operations as membrane 1 did. Finally, n vertices
membranes complete their enumerations. At this moment,
there exist M1;M2; . . . ;Mn in the skin. Note that the prior-
ity of the rule M1M2M3 . . . Mn ! FAILEDðinnþ1Þd is lower
than the rule above it. In other words, if the above rule can-
not match, the computation will send FAILED to mem-
brane nþ 1. This means that there is no Hamilton cycle
in the given graph. Thus we can simply find out that the
rule SH1

1 SH2
H1

SH3
H2

. . . S1
Hn�1
! 1H 1H 2 . . . H n�11ðinnþ1Þ is the

key rule that used to be judge whether there is a Hamilton
cycle in Graph G. Apparently, the multisets SH1

1 SH2
H1

SH3
H2

. . .
S1

Hn�1
mean that there is a path 1! H 1 ! H 2 ! � � � !

Hn ! 1 generated from the vertices membranes
1; 2; . . . ; n, and then the path is sent to the output mem-
brane as the form 1H 1H 2 . . . H n�11 to show that the compu-
tation is successful. The alphabet d means that the skin
membrane should dissolve into the environment no matter
whether the computation is successful or not. We can see in
the running process that the maximally parallel implemen-
tation is like an enumerator; at each step it enumerates the
collected edge corresponding to one vertex, and this
process is surely in parallel. Apparently, this system has a
polynomial time complexity running time.

This property can also be regarded as a quick enumera-
tor, which could decrease the general exponential to the
polynomial time. Therefore, any hard problems that could
only use the search method to solve are satisfied to this
property. [Certainly, the solutions to different specifications
would have some differences in detail.

5. Discussion to this attribute

As mentioned above, the maximally parallel attribute of
the P system has a strong ability and efficiency in solving
hard problems, and this model has a very efficient compu-
tation capacity. However, this attribute is too strong to be
practical! We can imagine what result a computation
model will lead to if it cannot be or hardly can be realized
in the real world. Thus, we will discuss for the purpose of
seeing if, there are some methods to improve this condition.

Discussion 1: The number of objects in one maximally
parallel implementation is not limited.

This is an amazing property. Without being limited in
the number of objects, the P System could generate any
number of objects in just one step. Then we can easily
transform an exponential generation in linear time by using
only a simple rule. Think about the initial configuration
with only one f in a membrane and the evolution rule with
only f ! ff , the system just runs step by step as usual, we
will find out that the number of f increases by 1,2,4,8, . . .

namely, in exponential increasing speed, and we will also
find out this generating process is in linear time,
apparently.

Discussion 2: P System do not specify the running time
of one maximally parallel implementation.

This is another amazing property in this attribute. The P
System argued that each maximally parallel implementa-
tion has the same running time, which is also considered
as an undividable running step. Therefore, we have the
above presumption of time complexity in the P System.
Generally speaking, the action in the living cell is indeed
in a very highly parallel mode and even a very huge number
of implementations are running at the same time, but on
the other hand, the number is also indeed finite.

We believe this maximally parallel attribute can be
weakened without any loss of computation universality,
and further research is needed.

6. Conclusion

We have made some research on the analysis of the max-
imally parallel attribute of the P System. By using this attri-
bute, we can solve some hard problems even in NP-
complete very efficiently. However, although this attribute
is so computational-efficient, it is not practical and nearly
cannot be realized in our common life. Thus, to figure
out whether this attribute would be weakened without loss
of computational universality, further work is needed.
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